Abstract. For a positive integer n, let f (n) be the number of essentially different ways of writing n as a product of factors greater than 1, where two factorizations of a positive integer are said to be essentially the same if they differ only in the order of the factors. This paper gives a recursive formula for the multiplicative partition function f (n).
A multi-partite number of order j is a j-dimensional vector, the components of which are nonnegative integers. A partition of (n 1 ,n 2 ,...,n j ) is a solution of the vector equation k n 1k ,n 2k ,...,n jk = n 1 ,n 2 ,...,n j (1) in multi-partition numbers other than (0, 0,...,0). Two partitions which differ only in the order of the multi-partite numbers are regarded as identical. We denote by p(n 1 ,n 2 ,...,n j ) the number of different partitions of (n 1 ,n 2 ,...,n j ). For example,
. Let f (1) = 1 and for any integer n > 1, let f (n) be the number of essentially different ways of writing n as a product of factors greater than 1, where two factorizations of a positive integer are said to be essentially the same if they differ only in the order of the factors.
..,n j ). We find recursive formulas for the multi-partite partition function p(n 1 ,n 2 ,...,n j ). The most useful formula known to this day for actual evaluation of the multi-partite partition function is presented in Theorem 4.
For convenience, we define some sets used in this paper. For a positive integer r , let M 0 r be the set of r -dimensional vectors with nonnegative integer components and M r be the set of r -dimensional vectors with nonnegative integer components not all of which are zero. The following three theorems are well known.
where we recall that p(k) = 0 for all negative integers k.
where 
Proof. Let g(x 1 ,x 2 ,...,x r ) be the function defined in Theorem 3. Taking the ith partial logarithmic derivative of the product formula for g(x 1 ,x 2 ,...,x r ) in (4), we get
Taking the ith partial derivative of the right-hand side of (4), we get
Comparing the coefficients of both sides of (7), we get
The theorem is proved.
For positive integers m and n, let
The following properties of (m, n) are easy to obtain:
From the point of view of the multiplicative partition function, Theorem 4 can be restated as the following theorem.
Theorem 6. let n, t be positive integers and let p be a prime number such that p m. Then we get
In [4] , MacMahon presents a 
p(4, 1, 1) = 38, not 28.
From Theorem 4 we can easily be sure that Canfield, Erdös and Pomerance comment is true.
